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Abstract 

The full low energy effective action of N = 4 SYM is believed to be self-dual. 
Starting with the first two leading terms in a momentum expansion of this effective 
action, we perform a duality transformation and find the conditions for self-duality. 
These determine some of the higher order terms. We compare the effective action of 
N = 4 SYM with the probe-source description of type IIb D3-branes in the AdS§ x S5 
background. We find agreement up to six derivative terms if we identify the separation 
of the 3-branes with a redefinition of the gauge scalar that involves the gauge field 
strength. 
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1 Introduction 



In this paper, we study the consequences of self-duality of iV = 4 Super Yang-Mills (SYM) 
theory in N = 2 superspace. The bosonic effective action of this theory can be compared to 
the Dirac-Born-Infeld (DBI) action of gauge theories on branes. The DBI action is self-dual 
under a duality that does not act on the separation of the branes. However, the Higgs fields 
that parameterize this separation are in the same N = 2 supermultiplet as the gauge fields, 
and hence the Higgs fields that realize N = 2 supersymmetry linearly must be related by 
a nonlinear gauge-field dependent redefinition to the separation. This is the most striking 
consequence of our analysis. 

Duality is a powerful tool for probing strong coupling physics: it allows us to describe 
strongly coupled systems using the weakly coupled Lagrangian of the dual degrees of freedom. 
The dual descriptions of a generic theory may in general be very different. There is a however 
a very special theory, namely N = 4 Super Yang-Mills, which is believed to have isomorphic 
dual descriptions: the electric description has a well defined perturbative expansion when the 
gauge coupling g 2 /An is weak, while the magnetic description is well defined perturbatively 
when a dual gauge coupling g^/^n = An/g 2 is weak, i.e., the original coupling is strong. 
These descriptions are isomorphic in the sense that the electric effective action written in 
terms of the electric field strength and coupling has the same form as the magnetic effective 
action written in terms of the magnetic field strength and coupling. The theory is also 
believed to be exactly self-dual when the gauge coupling takes the value g 2 = 4n; then 
duality leaves the effective action unchanged. For sake of brevity, in subsequent sections we 
use the term self-dual in the broader sense for arbitrary g 2 . 

The isomorphy of both descriptions is well understood in the classical pure gauge action, 
where a first order formalism implements the change from fundamental to dual variables 
as a Legendre transform. Long ago it was conjectured that the isomorphy is actually a 
property of the full quantum theory 0: the spectrum of BPS states remains the same, and 
the quantum effective action of the massless gauge sector has the same form in electric and 
magnetic variables. The first part of this conjecture has been tested after extending the 
strong-weak coupling duality to SL(2, Z) 0. 

We want to study the consequences of this conjecture by implementing duality on the 
iV = 4 SYM effective action. This theory is a particular case of N = 2 SYM coupled 
to adjoint matter, and formulating it in iV = 2 superspace is useful because the N = 2 
superspace effective action of the massless gauge sector has a well defined expansion in the 
external momentum. The leading term in a momentum expansion is a N = 2 superpotential 
(a prepotential in the terminology of 0) 

Sfj f =lmj d 4 x D A T{t, W) (1) 

where D 4 = D 2 Q 2 is the chiral measure of N = 2 superspace^, W is the N = 2 gauge field 

1 D\ a — D a , Z?2a = Qa are the supercovariant derivatives associated with the Grassmann coordinates of 
N = 2 superspace. We follow the conventions of [fj . 



1 



strength and r = 6/2ir + iAir/g 2 is the holomorphic gauge coupling. In components S^L 
gives terms with at most two space-time derivatives. This N = 2 effective superpotential 
contains all the divergences and all the scale and U(1)r anomalies of the theory. For N = 4 
SYM the perturbative and nonperturbative |]10| quantum corrections to the tree level 
superpotential T = tW 2 /16tt vanish. 

The next term in the momentum expansion of the N = 2 effective gauge action is a 
N = 2 nonholomorphic potential integrated with the full N = 2 superspace measure. It is 
therefore a finite, dimensionless real function of the N = 2 gauge field strengths W and W . 
Since T saturates all the perturbative scale and U(1)r anomalies, the perturbative N = 2 
nonholomorphic potential must be scale and U(1)r invariant. In the massless gauge sector 
this restriction completely fixes the 1-loop N = 2 nonholomorphic potential p[ 



Sf) f = / d 4 xd s V1i 



d A xd s 9 



57T 



w 

\n- + g\W) 



W n - 



(2) 



where g° depends on gauge invariant, scale independent combinations of the N = 2 abelian 
field strengths (for a spontaneously broken SU(N C ) gauge theory where we keep only one 
unbroken U(l) background gauge multiplet, we have g°(W) = 0). In components 
contains at most four space-time derivatives. For scale invariant theories such as N = 4 
SYM, the abelian nonholomorphic potential is believed to be generated only at 1-loop ||, 
since higher loop and nonperturbative contributions would break the scale invariance of 
An explicit 1-loop calculation gives the value of the coefficient c for the abelian piece of SU(2) 
broken to U(l): c = 1/2-k 0, it was again reproduced by comparing N — 1 components). 
An extension of the analysis in || to the case SU(N C ) broken to SU(N C — 1) x U(l) is included 
in appendix A. Nonperturbative contributions have been studied in [^U| and they indeed give 
vanishing results. 

Higher derivative contributions S^ 2n>4: ^ present in the effective action of iV = 4 SYM 
must be also scale and U(1)r invariant, dimensionless and finite. 



We implement the strong-weak coupling duality on this expansion of the quantum effec- 
tive action by using a first order formalism in iV = 2 superspace [U\. In this formulation we 
relax the Bianchi identity constraint 



D 2 W 



C ac C bd D 2dc W (3) 

and we add a field strength Wd as a Lagrange multiplier that enforces the Bianchi identity^ 
on W. Then we replace the relaxed chiral superfield W = D 4 V by its field equation 



S eff = Xm d 4 xD A \ tW 2 - WW D ^j + J d 4 x D 4 D 4 C quant 



ds Pjj 
T ~ 

^ = =► W D = f W - 2zD 4 C% ant . (J) 



_i^ = W D = tW + 2iD A C q ™ nt 

dW 



2 This is very clear when write the N = 2 field strength as the most general superfield obeying the Bianchi 
identity W D = D 4 D 2 ab Vg b @. 
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Note that the prescribed procedure guarantees that the field equations of the original action 



S eff = Tm(J d 4 xD 4 \rW 2 ^ + J d 4 x D 4 D 4 C quant (5) 
=Dl b (rW + 2zD 4 C^ t ) + C ac C M D 2d %-fW + 2zD 4 C% ant ) 



become the Bianchi identities of the dual field strength. This operation is a straightforward 
generalization to iV = 2 superspace of the quantum duality performed in ||. The N = 2 
SYM theory studied in || is however very different from N = 4 SYM: Since S^Jf receives 
quantum corrections in the N = 2 SYM case, the discussion of duality in ignored higher 
derivative terms. We note further that in contrast to the N = 4 case, the spectrum of BPS 
states is not SX(2, Z) invariant. 

The structure of this article is the following: in section 2 we review the duality transfor- 
mation in the classical action of iV = 2 SYM as a Legendre transform in the path integral of 
the free theory flll |. To illustrate some of the general features we encounter in these type of 



transformations we also study a one dimensional system where the general form of a self-dual 
action can be found. 

In section 3 we check that the first two terms S^L + S^L in the momentum expansion of 
the N = 4 low energy effective action indeed have the same form in the electric and magnetic 
descriptions. We find that the dualization of those two leading terms produces additional six 
and higher space-time derivative operators in the dual variables S^p^ 4 \ which should also 
be present in the original description if the theory is isomorphic under duality. Including 
such higher derivative terms in the electric effective action, we find that the dualization gives 
the same operators in magnetic variables if their coefficients obey certain relations. 

The effective action of the U(l) gauge background in a spontaneously broken N = 4 
SU (N c ) theory, is supposed to describe the dynamics of an extremal probe D3-brane in the 



background of N c — 1 overlapping extremal source D3-branes [13]. This can be alternatively 
described by a DBI action plus WZ terms. In section 4 we compare the bosonic degrees of 
freedom of both actions, and we find a disagreement that can be resolved up to six-derivative 
terms by redefinitions of the N — 1 superfields in the N = 2 gauge multiplet: this reveals 
the fact that the gauge scalar of the SYM theory (in which N = 2 SUSY is linearly realized) 
and the separation of the 3-branes in the DBI action are not simply proportional to each 
other. We find that this is true only as a first order approximation: the relation also involves 
a nonlinear function of the YM field strengths. 

Finally in section 4 we discuss open problems on this line of research, such as the per- 
turbative/nonperturbative nature of the effective action expansion. 



2 Two Simple Examples of self-dual actions 

Let us begin by reviewing a simple example of the formalism that implements the strong-weak 
coupling duality transformation. We take the classical N = 2 Maxwell action in the electric 
description, and we relax the Bianchi identity constraint (]3[) on the field strength while at 
the same time we introduce a Lagrange multiplier as we described in the introduction 
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8nS = lmJ d A xD 4 (± tW 2 - WW D ) . (6) 

integrating out Wd in the path integral of the free theory imposes the Bianchi identity (^) 
on W; alternatively, we can integrate out W, which in this case is the same as replacing it 
by its field equation 

W = ^ (7) 

T 

Substituting (^) into @ gives the dual action 

8tt S D =ImJ d A x -D 4 \—Wl . (8) 

The original action is therefore equal to the dual one written with the magnetic variables 
Wd and = — 1/r. The classical Maxwell action is also invariant under a real shift in r, 
r — > r + x, because the shifted integrand is total derivative, ~ e^^F^F^. 

Possible self-dual functionals are actually more general than is commonly realized (see 



for example (14| . We find this feature when we study the duality of the quantum action. To 
illustrate this idea consider the following one dimensional example: given a function F and 
its Legendre transform 

F(y)= [F(x)-xy]\ x=F - Hy) , (9) 
self-duality implies F(y) = F(y) or equivalently 

F(F X ) = F(x) - xF x =}► -x = F X (F X ) . (10) 

The most general solution of eqn. ( |l0|) is F x = g^iigix)) where g is any odd function of x. 
Therefore 

F{x)= f X '' dzg-\ig{z)) , (11) 



is the most general self-dual function. In this example the function F(x) is the analogue 
of our quantum effective action. Since this action is constructed as a series expansion, it is 
useful to refine the analogy and study the Taylor series expansion of F(x). To do this, we 
first Taylor expand g 

g = g {1) x + ^ (3) * 3 + ^ {f V + \/ 7) x 7 + ■■■ (12) 

where g^ = -f-^g ■ The inverse of g is 



x=0 



9 1 ' 9 w 3\( g m) 1 5! ( g my 1 1 

From the two equations above, one finds 
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F x = g-Higtx)) =ix + V 3) x 3 + Ug^f x 5 + i( -g^ 3 - -g {3) g {5) + —g (7) ) x 7 
y \y\ )) t 3 y t g iy j t y^y 72 y y ^ 2520 y J 



+i 



5 (3) (-IgWgW + J-gW) + — ( 5 ( 3 )) 4 

3 y V 72 y y 2520 y / 648 vy ; . 



x 9 + ■ ■ ■ (14) 



Here the coefficient of the fifth order term, i^(g^) 2 , is expressed in terms of g^ 3 \ which, 
up to a numerical factor, is the coefficient of third order term. Similarly new parameters g§ 
and y> appear in the seventh order coefficient, but the ninth order coefficient is a function 
of the parameters in the lower order coefficients. Furthermore g§ and gr appear only in the 
combination —-=^g^g^ 5 ' + ^zo^^' ^ n ^ ne nex t section, we will observe a similar behavior 
for the effective action of iV = 4 SYM. 

3 Dualization of the AT = 4 SYM effective action 

We have seen that the effective action of N = 4 SYM up to four spacetime derivatives is 
restricted by U(1)r and scale invariance to be of the form 



Tm(j d A xD 4 \rW 2 ^j + cj d 4 xD 4 D A InWlnW + ... ; (15) 



for explicit values of the Higgs field, the coefficient c is calculated in Appendix A. We are 
now ready to study if this effective action is self-dual. To dualize the action we follow the 
same steps as in (Q): we rewrite the action as 

8ir(S^ f + S^ f + ...) =XmJ d*x D 4 (\tW 2 - WW D ) + c j d*xd 8 61nWlnW + ... , (16) 
and the duality equation is given the field equation of the relaxed chiral superfield W 

D A lnW 

= T W-W D + 2ic — — — + ... 

W 

D A In W 

= fW-Wn- 1%c - + . . . . (17) 

W 

This is highly nonlinear and hard to invert to find the solution W{Wd)- Notice however that 
this solution is of the form W(Wd) = ^f- + higher derivatives. Since we are only studying 
self-duality up to for the time being, we can solve ( |TTD to first order in D 4 and D 4 



W 

w 



w, 



D 



T 

w D 



2icr 



1 + 2icf 



DHnW D 
D A In W D 



+ 



+ 



(18) 
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We substitute fll8|) into fllBD and we find 



8tt S'e/z.u = Im (7 rf^D 4 i-^^d) + cj d 4 xd 8 6 \nW D lnW D 



+ (ic 2 Jd 4 xd 8 9 lnW D ^ WD 



Under the map Wo — >■ VK, r D = — - — > r this action is equivalent to fll5|) up to four 
spacetime derivatives. The dual action contains also terms with six spacetime derivatives 
proportional to 1/td- They depend on a scale and U(1)r invariant chiral field that contains 
the holomorphically normalized field strength tW 2 



D 4 In Wo _ lD A ]n(r D W J 



BD ~ ~ 2 r D Wl ■ (20) 

The six derivative term is scale and U(1)r invariant as a whole. It seems therefore that there 
must be higher order terms in the original description of the effective action, which should 
also be consistent with the duality conjecture. Let us test this possibility: we dualize the 
following effective action 



8tt (Sf) f + S$ f + Sj$ f + ...) = 1m (j d 4 x D A \tW 2 - WW D ^j + c J d 4 x d 8 6 In W In W 

+ Uic 2 J d 4 xd s 6 InW — + c.c. )+... (21) 

Repeating the same steps as above and solving the field equations of W to second order in 
D 4 and D 4 we find 



Svr (sf^ D + S$ fiD + Sf^ D + S^ f , D + ...) = Xmj d 4 xD 4 \-±W* 

+ cjd 4 x d 8 6 In W D In W D (22) 

+ c 2 Jd 4 xd 8 6 Ul-n) \nW D D J^° + c.c.) 



+ < ;i I il'.v<rH | U - /••) hi Wo I =i W 2~ ) + c - c - 
, n _. D 4 \nW D D 4 \nW D 

+ ^- K - K) ^wr^wr + - 

To sixth order, the theory is self-dual if k — |. For k — | the eight derivative terms that 

we find in the dual action do not receive contributions from the dualization of Sj^j + S^j + 

S e jf. In addition, since at lowest order the duality equation is still given by W = Wd/t, 
the scale and U(1)r invariant operator depending on tW 2 



J d 4 xd 8 6 \nW D 



D 

2 



D In Wo 
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Si%[rW 2 ] = c 3 J d*xd 8 6 |^4 8) lnW \ ^ T ^2 ) + cx - 

(8) DHnW DHnW 

is dualized at the lowest order into an isomorphic operator depending on — tdW^,. Hence, if 
we set re = § in (pi]), we can add additional terms of the form ( p3"D and the effective action 

is self-dual up to for arbitrary values of the parameters and /4 . 

The appearance of S^)f and Sjfjf illustrates a key feature of the N = 4 SYM effective 
action. Scale and U(1)r imply that higher derivative operators in the effective action contain 
powers of the ratio T> = (1/tW 2 )D 4: and its conjugate?]. A term with 2m + 4 spacetime 
derivatives will have m inverse powers of tW 2 , fW 2 . Since the dualization of any operator 
S^/T [tW 2 , fW 2 } gives at lowest order an isomorphic expression sf^ +4 ^ [-tdW|, —tdW^}, 
if m = 2n at lowest order the operator is mapped to itself under duality, while if m = 2n + 1 
there is an additional minus sign. Sfj^^f 1 receives additional contributions that we denote 

as A^ 2m+4 K They come from the dualization of lower order operators S^ 2m+4 \ 



S<$$> = sf?;% D W 2 D } + A^% D W 2 D } 

SSI? = -SiT f +6) [r D W 2 D }+A^[r D W 2 D ] (24) 

Hence, self-duality requires A( 4n+4 ) = and A( 4n+6 > = 2 x S { ^ f +&) . This means that all 
the coefficients of even order terms are completely arbitrary, while the coefficients of odd 
order operators are constrained to be some linear combination of the coefficients appearing 
in lower order terms. This result is analogous to that found in the one- dimensional example 



( fUl ) we introduced in the previous section. 

Although we can continue this procedure to construct a self-dual effective action, inverting 
the duality equations to obtain W^VKd) can be cumbersome at higher orders. An equivalent 
calculation which gives the same results, but makes it unnecessary to invert the duality 
equations is the following: instead of solving for W = W(Wd), we directly substitute the 
duality equation Wr> = Wjj(W) in S e ff[rW 2 } and impose self-duality 

SeffA^W 2 ) = S eff [rW 2 ] - WW D . (25) 

The result of this process is an N = 4 SYM effective action consistent with the duality 
conjecture, which depends on powers of the scale and U(1)r invariant chiral operators B, T> 
and of their conjugates. The details of the calculation are included in appendix B. 

We seem to have found a recipe to construct aiV = 4 SYM effective action consistent with 
the duality conjecture, order by order in a momentum expansion which is at the same time 



3 The holomorphically normalized chiral field strength tW 2 is the natural object to divide the chiral oper- 
ator Z) 4 because the dimensionless gauge coupling r maybe promoted to a chiral superfield with nonvanishing 
U(1)r charge [|J, but the tree level Lagrangian tW 2 must still transform oppositely to the measure D 4 . 
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an expansion in the gauge coupling. This is a direct consequence of the fact that the actual 
expansion variables are the scale and U(1)r invariant ratio D and its complex conjugate. 

However these terms are not the most general scale and U(1)r invariant variables we 
might consider. We could use for instance a "square root" V ab of the operator V and a 
corresponding field E ab : 

and their complex conjugates. Other possible variables are complex linear superfields such 

as 

D (2T) 

or fermion bilinears of the form 

(D\nW)^^lnWj . (28) 

Consequently we may form six and higher spacetime derivative terms other than the ones 
we have seen so far. 

We want to explore if it is possible to construct an N = 4 SYM effective action that 
contains the more general variables. For simplicity we restrict our analysis to the simple 
variables in (f26|). 



From our previous construction we know that any six derivative term depending on tW 2 
will be dualized at lowest order to the same six derivative term up to a sign. The dualization 
of Sf) f and Sf) f gives contributions only to a six derivative term of the form (O) and thus 

S^ f [E ab ,V ab ] must be dualized to an isomorphic Sj$ ftD [E$,Vg] with positive sign. This 

last condition restricts the form of S^tf to be 



8nSi%(l/r,l/\r\) = J ' d'x d*9 [i^ hxW + c.c. j 

2 ^ D 2ab \nW D 2 ab In W 

y/Tf W W 1 ' 

Extending our construction to even higher derivative operators we find more terms mixing 
the B and E ab variables as we increase the order in the expansion. As before, the coefficients 
of terms which are "even" under duality remain free parameters, whereas those of "odd" 
terms become linear combinations of the lower order coefficients. Details of such calculation 
are given in the appendix B. 



4 SYM effective action and 3-brane dynamics 

The effective action of the abelian piece in iV = 4 SU(N C — 1) x U(l) is believed to de- 
scribe the dynamics of extremal 3-branes in ten dimensions |13]]: the N = massless gauge 
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scalar <p = W\ is related to the separation of one of the D3-branes from the rest in one 
of the complexified transversal directions, while the N = massless gauge field strength 
D( a Qp)W\ = —D( a W/3)\ = —J r a f3 describes the gauge degrees of freedom^ living in the D3- 
brane. In this section we want to establish the exact nature of this correspondence by 
comparing the bosonic components of the N = 4 SYM effective action (at fixed < <fi >^ 0), 
with the world volume field theory that describes the dynamics of a probe D3-brane at a 
short distance (small a' < <p > ||15|| ) from N c — 1 source D3-branes [[nj. The effective action 
for the fields living in the 3-brane is given by a supersymmetric DBI [[17] |18| actionF] 



obos 



d xT? ( h 



-det(g ab + F c 



ah 



tedaXidbX* 



(30) 



where x a , a = 0, .., 3 are the coordinates along the 3-brane, X\ i = 
coordinates, F ab is a gauge field strength on the brane, T 3 ~ (ct') 

and g a b = h~2i] a b is the induced flat metric of the probe 3-brane (the normalization h 



4, ..9 are the transversal 
2 is the 3-brane tension 



1 + 



87V 



T 3 (47rX i X i ) s 



is induced by the extremal ten-dimensional background metric[] 



1 + R A /r A 
0)- 

The N = 4 SYM effective action that we have derived is completely determined up to 
terms with four space-time derivatives: the coefficient of S^ff is given by an explicit 1-loop 
calculation c = (N c — l)/27r (see appendix A). In addition, self-duality fixes the coefficient 
of some terms with six space time derivatives. We can therefore attempt to compare the 



bosonic components of S^ft + S^// + S^/f (setting auxiliary fields equal to zero) with the 
DBI action in <M). 



y(4) 



7 (6) 



This comparison has been performed for S^ + S^ in a SU(2) theory J7J, setting F aj3 = 
and focusing on the velocity dependent terms. Comparisons for various Dp-branes in different 
backgrounds have appeared in plj p2| [j23f| . 

From reference we learn that we can identify the separation of the 3-branes in two of 
the transversal directions with the canonically normalized gauge scalar 



(4) 



XjXi 



9 2 T 3 



4, 5 , Af = 2ttc . 



(31) 



Then we find an agreement between the velocity terms of the Taylor expanded BI action 

2 



S BI = J d A xT 3 h^ (l - 
and the SYM effective action^] 



i - hX'X' ) = —x l x l + — (x l x l ) z + 



(32) 



d x 



1 



+ 



5 7T 



+ 2 



V 



(33) 



4 We follow the conventions of [Q to define the field strength in SL(2,C) spinor index notation T a6i ap = 

5 We choose a background in which the RR scalar and 2-form are zero to simplify our comparison, and 
therefore the WZ term does not give a contribution to the gauge effective action. In addition the vacuum 
angle is set to zero, i.e., r — iAn/g 2 . 

6 For N c — I overlapping 3-branes separated from the last one, we have Af = (N c — 1) |]l9| . 

7 Here we follow @ ignoring the spatial dependence of the gauge scalars. 
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In it was pointed out that because of the identification (plj) the SYM effective action 
contains acceleration terms 0, which are absent in the expansion of fl3"2|). The explanation 
suggested is that we should put the action on shell and compare S-matrix elements as opposed 
to the effective actions of both descriptions. 

We establish the correspondence of the SYM effective action and the DBI action by 
redefining the N — 1 component superfields of + Sf^ in such a way that the undesired 
acceleration terms of the bosonic action are absorbed in the gauge scalar and the gauge field 
strength. We conjecture that the redefinition can be extended to eliminate the acceleration 
terms of S^X and even higher derivative terms. Then the effective action of N = 4 SYM 
written with our redefined N = 1 superfields becomes the N — 1 superspace extension of 
the 3-brane action. In this redefined action the second supersymmetry must be realized 
nonlinearly, but this is precisely what we expect 
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Let us begin by writing the four derivative terms in N = 1 superspace. After integrating 
the Grassmann coordinates of the second supersymmetry, integration by parts and some 
manipulation gives 



Sf) f = ^J d i xD 2 D 2 (Q 2 In W Q 2 In W - Q a In W {id aa )Q & In W + In WO In W 

i d 2 ^ _ w 2 ] _ rvv^i - 

2 01 

W 2 {D<P) ' 



c 

8^ 



d 4 xd A e 



A2 



+ D 2 \nd)D 2 ln, 



c 
8^ 



d 4 xd 4 6 I 



+ 



D 2 (t) W 2 (D(f)f 



D' 



-D n W° 



-D a W 6 



4 A A 4 A\A\ 2 AA2 2 aa2 



4 A A 4 AA 2 AA2 



+ 



W 2 W 2 + (£>0) 2 QD0) 2 - W A D a (f)W"D c 

A2A2 



(34) 



This particular way of writing the SYM effective action in iV = 1 superspace is very 
illuminating: in the last line we have terms with four fermionic superfields that we will label 
Sfermi- Their N = bosonic components contain only powers of the velocity and gauge 
field strength, but not their spacetime derivatives. In addition, the remainder of S^h can 
be written as / d 4 8<f)D 2 A^/ + / d 2 6W a D a iAV + c.c. where AV is real. The unconstrained 
N = 1 superfields 



iAV 



D 2 (j) W 2 (Dcf>)' 



4 AA 4 AA 2 AA2 



(35) 



that contain the acceleration terms of S^h may therefore be absorbed in a redefinition of 
the superfields appearing in the kinetic term 
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2 C 2 

>r -I " " (8^) 
1 /,4. n2 W a W a Vc 2 



i% + S $f = ^fJxtteU-^ffxJeiD'AVXDtAV) (36) 



/ d*xD 2 ^^ - J d'xD 2 D 2 (D"(iAV) D 2 D a (iAV 



4g 

l - J d'xD 2 ^^ - igj^ / d*xD 2 D 2 (D\iAV) D 2 D dt (iAV 



4g 



c 



+— I d 4 xd 4 e 



)W 2 W 2 + (^0)2(^ 0)2 _ W & D a (j)W«D^ 



8nJ (f) 2 (f) 



where 



= 0+ %^D 2 A* , W a = W a - ^D 2 D a (iAV) . (37) 
The additional six derivative operators suggest that there are acceleration terms (and 

(6) 



also part of the f 6 ,jF 6 terms in S^) that enter in the redefinition of the kinetic term. 

? (6) 
'e// 



We therefore conjecture that all the acceleration terms in S^) f can be absorbed in a 



redefinition of Sf^ and S^ rmi . We also conjecture that acceleration terms and part of the 
velocity terms in S^^ 1 can be additionally absorbed in S^ rmi to make it depend in the 
same superfields as Sf^ 



- 2 



C 



W 2 W + (D0) 2 (D0) 2 - W a D Q 0W 



+_ / rf^g v y/ v y/ _ 2 " y ay (38) 



Note that the bosonic part of this N — 1 superspace action does not contain any acceleration 
terms 



2 



Identifying 



c \T 2 f + J(90) 2 (8?) 2 - & a d a ^d p J ... \ 
H 1" auxiliary 

871 4> 2 4> ) 



F 2 = -±—T 2 , X t X t = -L#,i = 4,5, AT = 27rc, (40) 
V?3 # 2 T 3 
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we can exactly match (|40|) with the Taylor expansion of (|30|) up to four derivatives. In fact, 
we expect that after absorbing in + Sf} rmi the remainder of sjfff contains four 
or more fermionic superfields (i.e. its bosonic component depends on velocities and field 
strengths but not their derivatives) 

^eff — = Sf ermi . (41) 

A fraction e of the coefficient of this fermionic action is also used in the redefinition, and 
the rest of it can absorb acceleration terms from Sf^^ 1 to become a functional of 0, VV a . 

Matching the bosonic components of (1 — e)Sf] rmi (^,W a ) with the six derivative terms of 
the DBI action is then a highly nontrivial test of our redefinition. 

If we were to extend our redefinition of the N = 1 superfields in the gauge multiplet 
to include arbitrary higher derivative pieces, we would expect to find a redefined action 



containing some acceleration terms in ((j), W a ) f24|. Then the N = 4 SYM effective 



action and the DBI action plus its higher genus corrections would agree to all orders. 

When we try to test our conjecture for S^)* we find an important obstacle: we have 

mentioned that duality fixes the numerical coefficient of the contributions to S^ff which are 
analytic in 1/r (see (|29|)). Therefore we can only test our conjecture for that particular 
piece Sgft(l/r). The coefficients of contributions proportional to 1/\t\ are not constrained 
by duality, and we can only hope that this comparison will fix them. 

The detailed calculation of the higher order terms needed for our redefinition to 
work is quite tedious and we have included it in the appendix C. The main result from that 
calculation is the following: the only term in S^Al/r) which is not absorbed in S^h + S^h 
and contributes to the bosonic gauge action is given by 



(l-^ e L(l/T) = Jtf^jfxtol — 3 

g 2 c 2 r 4 (f 2 + f)T 2 f . . ... 
= — rr ax =4 V jermions + auxiliary . (42) 

Our identification ( fiQ|) provides again an exact match to the six derivative term in the 
Taylor expansion of the gauge DBI action. 



(DWf + (DW) 2 } (W) 2 (W) 



S 



J (fxTzh- 1 (l - + h(F 2 + F 2 ) + \h 2 (F 2 - F 2 ) 2 ^j (43) 
rf 4 x ^_ T / 2 + p2 + lT 3 hF 2 F 2 - \T 3 h 2 F 2 F 2 (F 2 + F 2 ) + . . \ 

( rr F 2 + F 2 r F 2 F 2 IQ(M) 2 F 2 F 2 (F 2 + F 2 ) \ 
dx [- T3 ^^ + 4Af —* 7^ + ■■■) . 

where the DBI field strength is written with SL(2, C) spinor indices and we have defined 
r 2 = A7cX l X l = 4iT(j)(f)/ g 2 Ts. Note that without the redefinition, setting acceleration terms 
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to zero in would not be enough to achieve the agreement between both descriptions of 
the 3-brane dynamics. 

To try to gain some understanding about the physical meaning of our redefinition we 
consider again the duality transformation of the gauge scalars: in the brane picture, the DBI 
action in a curved background is self-dual \2B\, but the transversal separation f 2 remains 
unchanged [17], [18| when we dualize the N = gauge field strength of the DBI action 



' BI 



S%t = I d 4 x T 3 hr\r) ( 1 - Jl + h(r)(F 2 + F 2 ) + \h 2 (r)(F 2 - F 2 ) 2 



(44) 



tTxT^h' 1 ^) 1 - Jl + h{r){F 2 + F 2 ) + \h 2 (f)(F 2 - F 2 ) 2 + iF ■ F D - iF ■ F D 



whereas in the SYM picture the scalar r 2 = 4tt (fxfi/g 2 T 3 transforms in accordance with 



An 



w D w D \ 




+ ... 



(45) 



The self-dual scalar f 2 is therefore a nonlinear combination of r 2 and the gauge field strengths 
which remains invariant under duality (we are ignoring the velocity terms). Up to two 
derivatives it is given by 



f 2 



4tt T / cg 2 D A \nW 

W\l + 4 777^ + 




V 47T W 2 

r 2 + rjj 



(46) 



Remarkably, this is consistent with the shift (|35| , |37| ) needed to remove the acceleration terms 
from the effective action. For a constant gauge field strength we can see that in the SYM 
picture the separation r between the probe 3-brane and the source 3-brane is normalized by 
a scale that contains information about the charge density in the 3-brane (i.e. about the 
internal energy density) 



g J 3 



(47) 



Perhaps this rescaling accounts for a correction to the background metric induced by the 
gauge fields living in the 3-brane. In the probe-source picture this information is implicit in 
the separation variable. 

In summary, we are able to successfully compare the effective action of iV = 4 SYM 
with the DBI action of a gauge field strength living in the D3-brane up to terms with six 
space-time derivatives. This comparison reveals the surprising fact that the gauge scalar and 
the separation of the probe and source 3-branes are not simply proportional to each other. 



13 



Contrary to common lore, we find that the relation involves a nonlinear function of the field 
strengths living in the probe. We emphasize that our results are valid for arbitrary g 2 and 
arbitrary iV c . They do not contradict previous ideas |26] fl2"7 |, but merely refine them: the 
issue of which variable r transforms linearly under N = 2 SUSY has not been addressed in 
comparing the DBI action with the SYM effective action. 

We have restricted our analysis to the abelian sector of iV = 4 SYM theory in four di- 
mensions. It seems plausible that in the unbroken gauge theory of overlapping 3-branes, 
an extension of the redefinition we have presented is also necessary. This would have im- 
portant consequences for the identification of the fields appearing in the correlators of the 
superconformal four-dimensional theory that lives in the boundary of AdS^ ||28|| . Such fields 
would not correspond exactly to the asymptotic states of the N = 4 SYM theory where the 
supersymmetry is linearly realized. 



5 Conclusions and open problems 

In this article we have succeeded in constructing the momentum expansion of a self-dual 
N = 4 SYM effective action, which by scale and U(1)r invariance turns out to be also an 
expansion on the inverse of the holomorphic gauge coupling r = |j + i-^ (and its absolute 
value if we include more general contributions). 

Our most striking observation is the redefinition of the Higgs field needed to reconcile 
N = 2 supersymmetry and the self-duality of the DBI action. 

The expansion of the effective action that we have found is analytic in g 2 . For 9 V ^ 
0, the terms that we find seem to be in conflict with the type of contributions obtained 
from instantons. We find the apparent contradiction that there are nonvanishing instanton 
contributions to Sf^ (and to higher order terms) that introduce a dependence of the 
effective action on 9 V , and yet are not analytic in g 2 . 

Since our analysis only specifies the coefficients of some terms but not others, it is possible 
that these terms can be completed to have the appropriate 9 V dependence; however, we do 
not see how to do this. On the other hand, our results could signal a breakdown in the 



instanton series. This seems unlikely in light of the results of |3C]. 
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Appendix A 



In this appendix we generalize the results of || to an arbitrary SU (N c ) gauge group spon- 
taneously broken to SU(N C — 1) x £7(1) or smaller subgroups. In that reference we found 
the nonholomorphic potential in N = 2 superspace of a generic N = 4 SYM theory as a 
momentum integral 

1 r dp 2 ( WW +WW\ 

and we were able to evaluate this integral for the abelian subgroup of SU(2). The key to 
generalize this result is to evaluate the gauge operator WW + WW for a particular U(l) 
subgroup of SU(N C ). This is very straightforward when we write a generator in the adjoint 
representation in terms of its fundamental representation 

raV^rai^-ra^;. (49) 

We want to break SU(N C ) by giving a nonzero v.e.v. to the gauge scalar aligned with a 
particular linear combination of Cartan generators W % ^ k { = (W a ) (Tff ^ k v The operator 
we want to evaluate is therefore 



(WW + WW) % * i = (WW + WW) k j 5\ + [WW + WW) i l 5 k j - 2W\W k j - 2W k j W\ . (50) 

Once we choose a linear combination in the fundamental representation, the correspond- 
ing gauge scalars parameterize the transversal positions of the associated N c 3-branes. We 
are mostly interested on the configuration of N c — 1 overlapping 3-branes separated from 
another 3-brane. The U(l) gauge scalar has a v.e.v. 

W = (W)T^- 1 = 1 =diag (w, w, w, (1 - N c )w) . (51) 

pN c (N c - 1) 



Substituting this background field in (|50"D we find a diagonal adjoint representation matrix 
(WW + WW) a with 2(N C — 1) nonzero elements 



( 



\(WW+WW) A = {WW) A = {WW) A 



Nc 
2{N C -V) 



WW 



. (52) 



2(7V C -1) 



WW 



0/ 



This facilitates the evaluation of the trace in 



(4vr) 2 J p 2 \ 2(N C - 1) p 2 I ' 



(53) 
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Using dimensional regularization as in || we are able to perform the momentum integral 
and we obtain 



J <fx D A D 4 In W In W . (54) 



Nr—1 



(4tt) 5 

If we try to perform a a similar calculation for the massless nonabelian multiplets associ- 
ated with the unbroken SU(N C — 1) theory we find IR divergences that need to be regulated. 
We therefore simplify our analysis by focusing on the U(l) sector. 

Notice that the numerical factor in each diagonal matrix element of fl52|) only changes 
the normalization scale in the final expression, and since we have a full N = 2 superspace 
measure the action is scale independent. 

This observation is important when we want to consider different 3-brane configurations 
parameterized by other gauge scalar v.e.v.'s which are diagonal in the fundamental repre- 
sentation, and break SU(N C ) further. We obtain again a diagonal operator (PUW 7 )^ in the 
adjoint representation, with different coefficients in its nonzero elements. Such coefficients 
end up modifying the normalization scale, and they drop out of the nonholomorphic poten- 
tial. The only relevant quantity is the overall number of nonzero eigenvalues in (VKW^x- 
It is straightforward to see that these eigenvalues are given by the differences of eigenval- 



ues of (WW)f in the fundamental representation |T{|. Hence, a generically broken SU(N C ) 
configuration?] 

W = (W )T| = diag (w n , w 22 , w NcNc ) , w a = > ( 55 ) 

i=i 

will give a nonholomorphic potential (if Wn = Wjj the corresponding term is absent from 
the sum) 



E S if = 7TY2 I d ' x d&e E ln - W n) ln - W n) ■ ( 56 ) 
i<j [ J i<j 

In these more general configurations, the correspondence with the DBI action is more 
subtle. Since the tree level action of these abelian components can also be decomposed for 
an SU(N C ) group 



= *l[ rf WQ 2 E w3 = S / d * xD2 Q 2 ^ E - w js ? = E sff (57) 

z y J i=i z y J ZiV c i=i j=i i<j 

the interactions of the 3-branes seem to group pairwise p7|. We would have a probe-source 
DBI description for each pair i,j of 3-branes, whose Taylor expansion should be matched 
(up to four spacetime derivatives) with an effective action Sff + Sff. 



8 Note added in proof: a derivation of the same N — 2 nonholomorphic potential corresponding to this 
configuration appeared in |3l], [32| shortly after this manuscript was completed. 
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Appendix B 



In this appendix, we will simply quote the higher order result. We give the self-dual gauge 
effective action that depends on scale and U{1)r invariant chiral variables up to terms with 
sixteen space-time derivatives. Then we present the gauge effective action that depends on V 
and V ab up to eight spacetime derivatives. Since the expression is rather long, the following 
notation is convenient 

Using this definition, the effective action is 

8nS eff = 8n(S^ + S^ + S^ + S^ + S ( ^ + S^ + S^ + S^ + ---) 
= 2mJ d 4 x D A \tW 2 + cj InW InW 

+ ic 2 J \lnWB (59) 
+ c 3 J Q4 8) BB + nf \nWB 2 ^j 
+ tc 4 J (4 10) \nWB 3 + 4 10) B 2 B + 4 10) BV{B)) 
+ c 5 J (4' 2) \nWB 4 + 4 12) B 3 B + \^ 2) B 2 B 2 + ^ 2) V(B)V(B) 

+ 4 12) B 2 V{B) + 4 12) BB V{B)) 
+ tc 6 J (4 14) In W B 5 + 4 A) B A B + 4 A) B 3 B 2 + 4 14) B 3 V(B) 

+ 4 4) B 2 V(B 2 ) + 4 4) B(V(B)) 2 + 4 4) B 2 BV(B) 

+ K ( i 4) BB 2 V(B) + k£ 4) BV(B) t>(B) + k^ ] V{B) V(B 2 ) 

+k { ^ ) V{B)V{V{B))) 

+ c 7 J (4 16) In WB 6 + k£ 6) B 5 B + 4 16) B*B 2 + l$ 6) B 3 B 3 + 4 %) B 4 V{B) 

+ 4 6) B 3 BV(B) + 4 G) B 3 BV{B) + $ 6) B 3 V(B 2 ) + 4 &) B 2 V{B) 2 

+ k [ ^B 2 BV(B 2 ) + 41 6) B 2 V{B)V{B) + k^ ] B 2 B 2 V(B) 

+ k^ ] BBV{B) 2 + 4 1 4 6) BV[B)V{B 2 ) + |«£ 6) BBV(B)V(B) 

+ 4e 6) BV(B)V(B 2 ) + 4? BV(B)V(V(B)) + 48 6) ^(5)^(^(^)) 

+ /€S9 6) P(fi) 2 P(5) + 4o 6) ^(5 3 )P(fi) + 4 1 i 6) ^(5 2 )^(A(5)) 

+ |4 2 6) ^( J B 2 )©( J B 2 )) + ... +c.c. ] . (60) 

where 4 § \ 4 10 ^> 4 12 \ 4 16 '*' K i5 6 ' ) an d 4!f^ are re& l an d 

4 10) - -44 8) + ^ 

6 
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K ( 10 ) = _9k (8) - 3k (8) + 2 

4 10) = 2^-1 ' (61) 

4 14) = -84 12) -724 8) + s4 8)2 + ^ 

4 14) = -54 12) -2o4 8) -64 12) -io44 8) + s4 8) 4 8) + 48 

4 14) = 24 12) + 16^ ) +324 8) + 144 8) -44 12) -124 8) 4 8) -f 

4 14) = 4 12) + i64 8) + -4 8) -44 12) -44 8) 4 8) -- 

3 3 

4 14) = 4«f + e4 8) - 24 12) - ^4 8)2 - 4 

414) = _ 4R m _ 20k (8) + 2k (12) _ 12/c (8) _ 12 -(8) + 6k (8) k (8) + 2k (12) + 2Q 

4^) = 3 4 12) +204 8) +44 12) -24 8)2 + 364 8) -25 

414) = Uk (8) + 6/? (8) + 2k (12) _ 2k (12) _ 2k (12) _ 2fi; (8)2 _ 1() 
K (14) = R (8) o K (8) _ n (8) (8) _ (12) _ 2 (12) _ - 

41 4) = -24 8) + 4 12) + ^4 8)2 + 1 

In section 3, we pointed out that self-duality does not exclude operators such as (|26|) . 
We also introduced a simplified notation for them 

It is possible to construct a self-dual effective action that includes these operators 

8nS eff = 8n(S^ + S^ + S^ + S^ + S^ + 

= Im( [ d^xD 4 \tW' z ) t r I d\v<tt) l n IT In II' 



+ c 2 y" lniy + ±A (6) 

+ c 3 J (±k { ? BB + t\ {6) B(V ■ E - E ■ E) + 4 §) 5 2 lniy 
+ c 4 / ^-8?4 8) +?0 5 3 ln IT + (2i4 8) - i) BV{B) 



-6mS 8) - Ainf + 4i) fi 2 

+ aS 10) £ 2 (£ -E-V-E) + ±A^ 10) bb(e-e-v -E-V -(E) 

+ \ { 3 0) BE ■ V(B) + Ai 10) £ • + A^ 10) V ■ (E)V(B) 

+ |A^ 10) ■ 

' ' ' 1 2 'E ■ E - V ■ E) V (E ■ E - V ■ E) + . . ) + c.c. 



Note that we could have also added a term c 3 X^(E ■ E) 2 to Sfh which would be mapped 
to itself at lowest order under duality, preserving the self-duality at this order. 



Appendix C 

In this appendix we present the detailed calculation of the N = 1 components with six 
space-time derivatives which are needed in the SYM effective action for our redefinition fl3~7|) 
to work. Let us begin our analysis identifying the six derivative operators that are implied 
by the redefinition of two and four derivative operators (for brevity we write V and ^ instead 
of AV and 



(6) 



57T 



(D 2 ^)(D 2 ^) - D a {iV)D 2 D a {iV) - D h {iV)D 2 D 6l {iV) 



^D 2 D a (iV)\ W a (W) 2 + (W) 2 \^D 2 D«(tV) 



5 7T 



D' 



2 £± D D 2 ^> 



0202 

(Dcj)) 2 + (D(j)) 2 D^(t) 



(63) 



^DD 2 ^> 



»7T 

C 



~-^D 2 D^V) 



D, 



2 02 



2fif£ d D 2 ^ 



W a Dt 



•57T 



C 



W a D n 



0202 

DJ> + W a D c 



W 6 



%£±DD 2 m 



87T 

C W 2 W 2 



( J D0)2( J D0) 5 



0202 



4c/ 2 c /L> 2 * L> 2 ^ 



•57T 



(,2^,2 



•57T 



To simplify our analysis, we ignore all terms containing the auxiliary superfields -D 2 0, 
D a W a and their conjugates. The first type can be absorbed as a higher order correction in 
the redefinition of the scalar kinetic term 00 and the second can be absorbed in a redefinition 
of the gauge spinor kinetic term W 2 + c.c. Such higher order corrections will in turn 
require acceleration terms from S^X and Sj^f ■ . We know the general form of these higher 
contributions but not their precise numerical coefficients, and therefore we can only establish 
that the required acceleration terms are generically present in the effective action^. 

After integrating by parts and some algebra we find that it is useful to classify the terms 
without auxiliary superfields by counting the number of fermionic superfields 



(6) = H_ [ d * xd ± e ( 2 U^lM™y i o l(^) 2 K^) 2 , z \{dw) 2 \{DD<py 



' (8n) 2 J \ 3 3 3 3 4 2 

\{DW) 2 \{Dm? (D a yV 13 ) (-Dg-D/30) (D^WP) (D a Dp(j,j , 

+6 ^4 ^3^3 I y^) 



9 It is worth mentioning that the elimination of auxiliary superfields through redefinition of the physical 
ones is a feature we have encountered in the study of the supersymmetric formulation of the BI action |33| 
and the 3-brane living in six dimensions [p4[. 
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,2^2 



(87T) 2 J 2 5 3 4 



0304 T 0403 

(D^VV^) {D & D p <j>) (DPjyifyW^Dpt (D & Wp) (D°D a (f)) (D~*D^)W {l D a) <f) 

+ 0304 2 0403 

1 (D A W^)(D dJ D a 0)( J D Q J D / j0)VyT' J D^0 1 (D a W^)(D dt D a (f))(D a D $ ^)WD y (f) 

+ 2 03^ 2 0403 

1 (Z) d Vt>0) (D a DP<f>) (id ai D A 4>)W 1 (L^VV^) (D a D^4>) {id^ & D a <j>)Wi 



2 2 04 2 0303 

1 (D*WP)(D a D$)(id a «Wi)Di$ 1 (D^)(D a D^)(id a6l W y )D^<f> 

2 0204 2 0303 

+ c.c. (65) 



9 2 c 2 f j4 „ j4/1 _ 1(^0)2(^)2(^0)2 2o _I(DW) 2 (}V) 2 (^) 



Of = 90/^-201 



2 



(8tt) 2 7 ' 0206 0305 

J(DD0) 2 (W) 2 QD0) 2 + (DD<f> ■ DD^){yVfWf 



0404 0305 

\{DW) 2 {W) 2 {W) 2 \{DD<t>) 2 {W) 2 {W) 2 

0404 0503 

J(dw) 2 W) 2 (D0) 2 |pD0) 2 W) 2 (D0)^ 



404 0503 

(DD(f) ■ DD(f))(D(j)) 2 (D<t>) 2 

0404 

^ ; /i T/i "I - 



(66) 



2 



(D"WQ(^ a ^0)W a D A 0(W) 

+ 0305 

(Z^VV^) (DaD a (f))WaD l 3(j)(D(f)) 2 l (£ d )^)(A*£ a 0)W^0p0) ; 



5 3 2 0404 



(f) 3 (j) 5 2 0404 
+8 TTT^ 1" 



0404 ' 0404 

1 (aD0) 2 (W) 2 1 (0W) 2 (£>0) 2 l(«9 /3/ j J D (i 0)(^W a )W" J D Q <; 

~l~ a i o T /i "I - j i/i "To "I - 



4 2 4 4 4 2 2 3 03 
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(D a D^)(id af3 D^)D^(W) 2 1 {D*WP){id^W $ )D a <!>{D4.) 2 

(j) 2 (j) 5 2 3 4 

(D-D^iid^D^W^DjW 13 3 {D a D^){id p& D a( f>)D^{W) 2 



3 4 2 4 3 



2 05 2 3 4 



!> 3 4 3 4 

+ c.c. 



We can evaluate now the N — 1 components of S^Al/r) in (pip. Dropping again any 
term depending on auxiliary superfields we obtain 



+6 0205 + 4 0304 

— 2U — =r h 



2,-,ii ^,305 

2 



1 (aD0) 2 (W) 2 (D a D^)(id a$ D &< l>)(W) 



2 0204 - 0205 

|(£>W) 2 (W) 2 (W) 2 

~ 6 4 4 

+ c.c. (67) 

We can see that all the terms in this action except the second and the last three have 
precisely the correct numerical coefficients for them to be absorbed in the redefinition of the 
superfields appearing in S^L + S^//- Using part of the last term in the redefinition all we 
are left with is 

cW _ _ f cW - ^ /> r «*s, _ 2 iggg , 1 (^0) 2 (W) 2 

^e// ^ ^fermi ~ J d X ^ » 1 0404 + 4 0204 

+ 2 2 4 

_ (D a D^)(id a$ D^)(W) 2 D^ 

2 5 

+ c.c. (68) 

The first term is precisely the six derivative contribution we are looking for in the redefined 
N = 1 action. The last three we expect to cancel against similar terms in S^)f(l/\r\). In 
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any case such contributions contain products of velocities and gauge field strengths, and 
therefore do not affect our comparison with the gauge part of the DBI action. 

Since we do not know the exact form 5g^(l/|r|) we can only try to guess the operators 
present in this piece of the effective action and fix the coefficients by matching their N — 1 
components with 0^(l/|r|). This is a difficult task, further complicated by the ambiguity 
of integration by parts. It is worth mentioning that the N — 1 components of the operators 
in (|26|) are different from those in (|67|) and therefore our partial result is unchanged by the 
<pab terms. The analysis of these contributions will be presented in a future publication. 
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